We consider a firm that produces multiple variants of a product. Products are assembled using a combination of common and dedicated components. We characterize the optimal assortment and derive the optimal inventory levels for the common and dedicated components under various bill-ofmaterial configurations. We investigate the effect of commonality on product variety and compare its benefits under different demand characteristics. While commonality always leads to increased profits, its effect on the level of product variety depends on the type of commonality. If all common components are used for the production of the entire set of products, then the optimal variety level increases relative to the system with no commonality. However, if the common components are used by a subset of the final products, then the optimal variety level may decrease with commonality. We find that the effects of commonality on profit and variety level are stronger under a demand model that exhibits negative correlation relative to a model with independent demands.
Introduction
Providing a wide assortment of variants in a product category is critical for most manufacturers.
A higher variety level tends to attract more customers, especially in a competitive environment, as it allows them to find items that more closely match their preferences. In turn, this helps retain customers for future purchases. However, variety is costly from an operational perspective. Higher variety leads to increased manufacturing complexity, e.g., in the form of more frequent switchovers in production, and to a more fragmented product line. That is, adding more variants to the assortment tends to reduce the demand for individual products and, at the same time, increase their relative demand variability. This reduces the extent to which companies can take advantage of economies of scale. Thus, higher inventory levels are required to maintain the same service level.
Companies employ different strategies to support a high level of variety, such as using common components, investing in flexible capacity, and redesigning products and processes to benefit from delayed differentiation -all of these are different forms of operational flexibility. For example, the Toyota Camry and Lexus ES 350 are built using the same platform. This generates a higher demand volume for the common parts and therefore results in lower operational costs. While the benefits of implementing some form of flexibility for a given line of products is well documented in the literature, this paper explores the effect of commonality on product assortment decisions.
There are three forces at play in our model: (1) Higher variety leads to increased market demand; (2) This also leads to a higher relative demand variability for each product; (3) At the same time, the demand aggregation effect for the common components mitigates the increased costs associated with higher demand variability. In view of these three effects, we investigate how the choice of an assembly configuration (or bill of materials) affects a firm's assortment and stocking decisions.
In particular, we consider an assemble-to-order system in which a manufacturer produces a number of variants in one product category. Each variant is assembled from several components.
There are product-specific (i.e., dedicated) components and components that are common to a subset of (or all) the product variants. We consider two demand models. Under the independent population model, all consumers make purchasing decisions independently from each other. Under the trend-following demand model, consumers follow the choice of early buyers, which leads to negatively correlated demands for individual product variants. In these settings, we characterize the optimal component inventory levels and the structure of the optimal assortment for some special cases of the bill of materials. Based on these results, we compare a system where all variants are produced using only dedicated components to systems that incorporate flexibility in the form of component commonality.
We find that the effect of commonality on product assortment decisions depends on how these components are integrated in the bill of materials. If each common component used in manufacturing is shared by all product variants, then the optimal level of variety increases with commonality.
In this case, the demand pooling effect results in high enough savings to allow the firm to introduce more variants. However, this result does not necessarily hold for more general bills of materials. In fact, when some of the common components are shared by a subset of product variants, the optimal assortment may decrease relative to that in a setting without commonality. This reduction in the optimal assortment occurs when removing a variant that does not use the common component leads to a sufficiently increased scale effect on the variants that do share that component, making it more attractive to reduce the assortment in a way that maximizes the demand pooling effect. In these cases, it may be optimal to rationalize the product line in order to shift demand to products that share common resources. In this respect, we explore conditions that lead to increased or reduced assortment offerings in general systems.
When commonality does increase the depth of the optimal product assortment, we find that the extent of this increase depends on the characteristics of market demand. Specifically, negative demand correlation (like under the trend-following model) leads to higher increases in the set of products offered relative to the case of independent demands (like under the independent population model).
The rest of the paper is organized as follows. Section 2 summarizes the relevant literature.
Section 3 describes the model set-up and Section 4 presents the analysis of the dedicated system and of the pooled system (in which all components are common to all product variants). Section 5 presents the analysis of systems with both common and dedicated components, but in which the common components are used in the production of all product variants. Section 6 contains an analysis of systems with more general bill of materials. Section 7 concludes the paper. All proofs are provided in the Appendix.
Literature Review
Product variety has been widely investigated in the economics and marketing literatures. Kahn (1998) provides a review of marketing papers that investigate how product variety influences the revenue potential of a product line. Baumol and Ide (1956) is the first paper to analyze the joint impact of product variety and operational costs. A stream of papers focuses on how to create and implement product variety in manufacturing settings. Ramdas (2003) provides a review of research on managing product variety. Dobson and Kalish (1988) develop heuristic solutions for product positioning and pricing decisions for a product line. Ramdas et al. (1999) provide an empirical analysis of the key drivers of component sharing in the auto industry. Fisher and Ittner (1999) report that higher levels of product variety reduce labor productivity significantly in the auto industry. Ramdas et al. (2003) develop optimization models to determine which components should be used to support a portfolio of different products. The use of common components in manufacturing may lead to a lower degree of product differentiation from the consumers' perspective. Desai et al. (2001) and Kim and Chajjed (2000) consider the trade-off between reduced product development costs due to commonality and the revenue losses due to reduced product differentiation for a product line with two vertically differentiated products. While Desai et al. (2001) show that commonality leads to reduced costs and a less attractive product line, Heese and Swaminathan (2006) show that the results may be reversed when the firm can exert effort to reduce the cost of components. Hopp and Xu (2005) consider a product selection problem and show that modularity always leads to higher variety. This set of papers does not consider inventory-related costs.
Another related stream of work takes product line decisions as given and investigates the impact of component commonality and resource flexibility in multi-product settings. Lee and Tang (1997) 
The Model
We consider a manufacturer that makes product line decisions regarding the set of product variants to offer in the market. The manufacturer also decides the capacity or inventory levels for the components used in production. Each product variant may represent, for example, a color/size/design combination of a garment or a specific configuration of a personal computer. The set of all variants is denoted by N = {1, 2, · · · , N } and the firm offers a subset S ⊂ N . Each variant is produced according to a bill of materials that dictates the components used in its fabrication. There are product-specific (or dedicated) components and components that are common to a subset of (or all) the variants. For example, greige wool is common to a product line of T-shirts, while a given dye color may be common to a subset of the T-shirts, and a certain pattern design may be specific to one product variant. Similar examples apply to modular products, such as a personal computer.
The firm holds inventory of all the components and final production/assembly time is negligible. This model structure applies to assemble-to-order systems, such as Dell's production of personal computers, where the final step of production takes place after customers place their orders for specific product configurations. The model may also apply to settings in which the manufacturer produces according to orders from retailers, provided that final production or assembly takes place after the retailers' orders are received.
We model demand using a consumer choice model similar to that considered in van Ryzin and Mahajan (1999) . The choice of a product variant within the offered assortment is based on the Multinomial Logit (MNL) model. A consumer's utility from choosing variant i is u i + ξ i where u i is the expected utility derived from variant i and ξ i is a random variable representing the heterogeneity of utilities across consumers. In addition, consumers can always choose to not purchase any product, receiving a utility u 0 + ξ 0 . We assume that ξ i are i.i.d. random variables following a Gumbel distribution with zero mean and variance
where γ is Euler's constant (γ ≈ 0.5722). We assume that μ = 1 for expositional simplicity. A customer chooses the option that provides the maximum utility. The probability of a customer choosing option i that arises from this utility maximization problem is given by for a comparison with other demand models. For simplicity, we refer to θ i as the utility for variant i and let Θ denote the vector (θ 1 , θ 2 , · · · , θ N ). We assume that products are indexed in descending order of their popularity (as measured by their utility parameters), i.e.,
We make the following assumption about the consumer choice behavior. Consumers choose a variant based on the offered assortment S, but not based on the availability of the products within the assortment. If the selected product is not available, then the sale is backordered or lost. 1 This assumption implies a static or assortment-based substitution, therefore ignoring the dynamics of product substitution that are based on the availability of products at the time of the customer arrival. This model is particularly suitable for catalog retailers or for customizing manufacturers selling directly to consumers or to retailers. In those settings, consumers choose from a menu of products in a catalog or on a web site. Depending on the availability of components, the firm either delivers that product immediately or the sale is lost. The same is the case, for example, with apparel manufacturers receiving orders from retailers based on their offered assortment.
The total number of customers interested in the product category follows a Poisson distribution with rate λ. We consider two models of consumer demand. Under the independent population model, denoted IP , each customer selects a variant independently of the choices of all other customers. If the desired product is out of stock, then the sale is lost (or backordered). In this case, demand for variant i follows a Poisson process with rate λ i = q S i λ. We approximate this distribution with a Normal distribution with mean λ i and standard deviation σ i = σλ Under the trend-following population model, denoted T F , all customers follow the choice made by the first arriving customer. Thus, demand for each variant is either zero or equal to total market demand (although the outcome is a priori unknown to the firm), which is itself a random variable. Demand for variant i is given by the following probability mass function.
where total market demand D is a Normal random variable with mean λ and standard deviation σ. We assume that λ is sufficiently larger than σ so that the probability of a negative demand realization is negligible.
The trend-following model is appropriate for fashion goods, where customers tend to follow trends set early in the season. In reality, demand may be the result of a mix of customers, some of whom make a choice independent of the choices of other customers while others follow the trends set by early buyers. The trend-following model implies a higher variance of demand for individual products relative to the independent population model and also negative correlation between demands for different products.
The bill of materials for production consists of a set of components M = {1, 2, · · · , M} and a binary production matrix [x ij ] i=1,··· ,N ;j=1,··· ,M that specifies whether or not product i uses component j. We assume, without loss of generality, that a finished product requires one unit of each of its components. We investigate special forms of the production matrix, including two extreme cases. In a dedicated system (denoted D), all components are product-specific. Another extreme configuration is the pooled system (denoted P ), in which all products are manufactured from a set of common components (in other words, each component is common to all product variants).
We then study a setting (denoted C) in which each variant is produced using a set of dedicated components and a component that is common to all products. We finally consider settings with more general bill of materials. In all settings, demand arrives over a single selling season.
As in van Ryzin and Mahajan (1999), we assume identical cost and price parameters across all variants for tractability. In system C, the aggregate cost of the dedicated components used by each product variant is k d while the total cost of the common components is k c . Under other bill of materials, the cost of components is set so that the total unit cost of production of all products is the same. In all settings, the selling price of each variant is p. The firm's objective is to determine the assortment (which products to offer) and the stocking levels of all components to maximize profit. We denote the profit of the firm when it offers assortment S by Π S . We define a popular set as the set of the n most popular products and denote it by A n = {1, 2, .., n}. We denote the optimal profit associated with a popular set A n by Π n def = Π An . When necessary, we denote the structure of the bill of materials (D, P , or C) and the demand model (IP or T F ) in the superscript of the relevant variables.
Preliminaries
We first explore the optimal assortment structure in the dedicated system. In this setting, each product is manufactured using a set of dedicated components. Because a product requires one unit of each component, the results below essentially assume a single dedicated component per product,
In a system with dedicated components, the profit function is separable. For a given assortment S, the profit function under the independent population model is Π
where π i is the profit function and y i is the stocking quantity for variant i. The optimal stocking quantities are given by y
Under the trendfollowing model, the optimal expected profit, given an assortment S, is Π
The optimal stocking quantity for variant i is given by
where the value of z T F (q S i ) depends on the profitability of variant i as follows:
If q S i p < k, then the optimal stocking level for variant i is zero. As a result, the profit for variant
Given an assortment S, we let S(δ) = S ∪ {m} denote the set of variants in S plus an additional variant m ∈ S with utility δ. The choice probability for i ∈ S is q
) under either demand model. We now state a result regarding the structure of the optimal assortment. the optimal assortment is not necessarily equal to the set all possible products N . While adding a variant increases total demand, the relative demand variability for each of the variants in the assortment also increases, leading to higher inventory costs.
We next provide comparative statics results for the dedicated system that will be useful in the analysis of assembly configurations that include the use of common components. Before proceeding with these results, we present and discuss two technical conditions that we impose throughout the rest of the paper. Proposition 1 indicates that the optimal assortment in system D is a popular set. Moreover, Π D n (δ) first decreases and then increases with δ. Let δ n denote the value of δ > 0
. If the utility of the next most popular product is greater than δ n (i.e., θ n+1 > δ n ), then it is profitable to include variant n + 1 in the assortment. The quantity δ n is a function of the cost and price parameters as well as of the vector (
2 If the assortment was set to contain, say, two variants in a setting with 10 possible product variants, then it may be the case that it is optimal to offer variants 1 and 8. That is, given that the number of variants is fixed, the assortment {1, 8} may result in higher profit than {1, 2} because the former allows the firm to benefit more from the statistical economies of scale associated with the higher demand of the first product (i.e., lower relative demand variability for that product), whereas the assortment {1, 2} includes two more similar products implying a lower relative scale for either one of them. 
Condition 2 δ n is increasing in k as long as δ n < θ n .
Both conditions depend only on the parameters of the model. While there may be parameters (price, cost, utilities) for which these conditions do not hold, we provide results for those settings in which the parameters conform to these conditions. In our numerical experiments (described later in the paper), covering a wide range of parameter values, these conditions are always satisfied.
The following property of the optimal profit function follows from Condition 1.
This result, together with the optimality of a popular set, implies that the optimal assortment can be found iteratively by adding one product variant at a time (in a sequence given by their popularity) starting with the empty set. We next study how changes in the cost parameters affect the optimal assortment under both demand models.
Proposition 2
The optimal assortment set becomes smaller and the optimal profit decreases as k
The proposition shows that a larger unit cost leads to lower levels of variety. This result will be particularly relevant when we compare the performance of a system with only dedicated components to a system with common components, because a component that is common to multiple products may be more expensive than the dedicated components it replaces.
We now turn attention to a pooled system (denoted by P ), in which all product variants are assembled from a set of common components. In this setting, we assume that the total cost of the common components is k. Under both demand models the aggregate demand for a set of variants S can be treated as a single variant with choice probability i∈S q S i and the optimal stocking level and the profit can be computed using the expressions for a single product in the dedicated system.
Theorem 2 In the pooled system, the optimal assortment is to offer all product variants. Furthermore, for any assortment S, Π
Because all the products use the same common component in the pooled system, adding a variant increases total demand but does not increase the inventory cost per unit of demand (associated with higher relative demand variability of each individual product variant). Hence, it is optimal to offer the largest possible assortment.
Systems with Component Commonality
In this section we explore settings in which the bill of materials includes dedicated as well as common components and in which any common component is shared by all offered product variants. We denote this setting by C. In its more general form, this system consists of a set of common components, which can be treated as a kit of common components with aggregate cost k c , and a set of dedicated components, such that each product variant is produced using the common components and a set of dedicated components. The aggregate cost of dedicated components for each product variant is given by k d . This setting is comparable to those explored in the previous section, in the sense that the total cost associated with the production of a variant is equal to k. 
Independent Population Model
We begin with the independent population demand model. For a given assortment S, let y i be the stocking level for the dedicated component corresponding to variant i, i ∈ S, and y c the stocking level for the common component. The corresponding profit is
As demonstrated in Van Mieghem (1998), Π
C,IP S
is jointly concave in ({y i } i∈S , y c ) .
We next compare the optimal stocking levels y * i and y * c , and the associated optimal profit, in the system with commonality to the stocking levels and optimal profit in the dedicated and pooled systems.
Proposition 3
The following comparisons hold for any given assortment S.
which is the stocking level for components associated with
product variant i in the dedicated system. 
The above result derives upper and lower bounds for the optimal inventory levels in system C. These bounds are useful for the optimization of the profit function under the independent population model in the numerical experiments. The optimal inventory levels for the dedicated components are larger in a system with commonality than those in the dedicated system, while the stocking level of the common component is, naturally, no larger than the sum of the inventory levels of the dedicated components. The savings associated with the reduced inventory of the common component allow the firm to increase the stocking levels of the dedicated components. We also have that the optimal inventory level for the common component in the system with commonality is smaller than the stocking level of that same component in the pooled system with unit cost k c . Finally, total profit in the system with commonality is higher than the optimal profit in the dedicated system (because of the pooling effect associated with the common components), but is lower than the optimal profit in the pooled system.
We now seek to compare the depth of the optimal assortments in these systems under the independent population demand model. One would expect that replacing a set of dedicated components with a common component should result in an increase in the optimal number of product variants to offer. In this setting, in which common components are shared by all variants, this intuition is correct. We will later show that this may no longer be true under more general bill of materials.
It is difficult to analytically compare the depth of the optimal assortment between systems D and C under the independent population demand model, primarily because of the lack of closed-form expressions for the optimal stocking levels in system C. In the dedicated system each component experiences the same demand as its corresponding finished product. In the pooled system a Avg. % increase in Avg. absolute increase % of cases with a strict optimal profit in optimal variety level increase in variety common component faces a demand stream that is equal to the aggregate demand for all product variants. In contrast, in system C, the dedicated and common components face different demand streams (equal to those in systems D and P , respectively), and the profit function is not separable in the stocking quantities. An extensive numerical study suggests that the optimal assortment in the system with commonality is a popular set and that it is no smaller than the optimal assortment in the dedicated system. This result can be verified for some special cases, as follows.
Proposition 4 If the optimal assortment in the dedicated system consists of at most two variants, then the optimal assortment in the system with commonality contains at least as many variants.
To verify that this result applies more generally, we conduct an extensive numerical study that computes the optimal assortment structure in systems with commonality and compare them with the optimal assortment in the corresponding dedicated systems. The study consists of 882 experiments -all with five possible variants, p = 10, σ = 1, and β = 0.5. We consider two demand rates, λ = 200 and λ = 400. The costs of dedicated and common components are given by one of the fol-
The utilities are given by one of the following seven vectors: Θ = { (17, 16, 15, 14, 13) , (17, 15, 13, 11, 9) , (17, 13, 9, 5, 1) , (17, 16, 15, 8, 7) , (17, 16, 10, 4, 3) , (17, 8, 7, 6, 5) , (17, 12, 11, 10 , 2)}. For each of these, the no-purchase utility takes one of the following seven values: θ 0 = {1, 5, 9, 13, 17, 21, 25}. We first find that, across all parameter combinations, the optimal assortment in system C is a popular set. Table 1 summarizes the results from the numerical study.
Comparing the number of variants in the optimal assortments in the systems with commonality and the corresponding systems with dedicated components, we find that commonality leads to a strictly higher number of variants in the optimal assortment in 103 out of 441 cases when λ = 200
and in 69 out of 441 cases when λ = 400. In the remaining cases, the optimal assortment sets are the same under both assembly structures. Taking all the cases together, component commonality leads to an increase in the level of variety from an average of 3.9 variants to an average of 4.2 variants when λ = 200 and from an average of 4.2 variants to an average of 4.4 variants when λ = 400. The impact of commonality is stronger at low demand levels (λ = 200) because demand is more variable in those settings and inventory costs represent a larger portion of total profit. The average percentage profit improvement under the respective optimal assortments is 1.77% when λ = 200 and 1.22% when λ = 400. While it is known that commonality leads to higher profits due to the inventory savings associated with the risk-pooling effect, optimizing both on the assortment level and on the component capacities leads to an even higher profit increase.
The effect of commonality on the average increase in product variety and on the proportion of cases with strictly increased variety is stronger in settings with a relatively lower utility of the no-purchase option, a higher cost ratio of the common component to the dedicated component, or a relatively larger dispersion of the product utilities (i.e., larger θ 1 − θ 5 ). To see this, note that the increase in the assortment due to commonality is larger when the optimal number of variants in the dedicated system is small. This, in turn, tends to occur when the utility associated with the no-purchase option is small or when θ 1 − θ 5 is large. Indeed, if θ 0 is small, then the firm can capture a large market share with a small number of variants, and the marginal increase in market share is smaller as more products are added to the assortment. Regarding the dispersion of utilities, the gains in market share from adding a product to the assortment are larger when the utilities have more similar values than when θ 1 − θ 5 is larger. Also, when the cost of the common component is higher relative to the corresponding cost of components in the dedicated system, the impact of commonality is more significant. At the same time, the effect of commonality on profit (which is affected both by the demand-aggregation effect and by the possible change in the optimal assortment) is higher with lower values of the no-purchase option and with a higher cost of the common component relative to the cost of the dedicated components. However, commonality has a higher effect on profit when θ 1 − θ 5 is relatively smaller. In that case, the level of variety is similar in systems D and C, but the inventory cost is significantly affected by the introduction of commonality because all products have similar demand levels.
Trend-Following Demand Model
We now focus on the trend-following demand model. Under this model, all customers purchase the product variant selected by the first customer. (Recall that, at the time of making assortment and component capacity/stocking decisions, there is uncertainty regarding which product variant will be the preferred choice in the market.) The profit function for the firm is given by
Note that, in contrast to the independent population model, the summation over the assortment S in the revenue term is outside of the expectation. This is because sales equal E min{y c , min{y i , D}} with probability q S i (if all market demand is for product i). In this setting, it is also optimal to stock less of the dedicated components than of the common component, i.e., y i ≤ y c . Then,
This function is jointly concave in ({y i } i∈S , y c ). The following are the KKT optimality conditions for the profit maximization problem subject to the constraints 0 ≤ y i ≤ y c for i ∈ S (with dual variables α i ):
Based on the KKT conditions, we partition the variants in S into two sets, S l and S e . The set S l corresponds to the product variants i for which
Because j∈S α j = k c , we have that S e = ∅. This and (1) imply that there exists a
Then, there exists a variant i a such that
and the assortment is partitioned as
(That is, the set S e is a popular subset of S.) To see this, note that for i ∈ S l , α i = 0 and y *
for all i ∈ S l . Finally, note that for i ∈ S e , the values of α i are such that
That is, at optimality, the firm stocks an equal amount of the dedicated components corresponding to a subset of the most popular variants (those in S e ) and that amount is itself equal to the stocking quantity of the common component. The stocking quantities of the remaining variants (those in S l ) decrease in order of their popularity. Total optimal profit is
with z
We next explore the structure of the sets S e and S l when a new variant m, with utility δ, is added to the assortment S. We let S e (δ) and S l (δ) denote the sets (S ∪ {m}) e and (S ∪ {m}) l , respectively. Both sets change as δ increases. For a low value of δ, which corresponds to a lowutility variant, the new variant m is part of S l (δ). As δ increases, variant m moves into the set S e (δ). This property is formally presented in the next result.
Lemma 1 S e (δ) is a popular subset of S that decreases (in terms of the " ⊂ " order) to the set {m} as δ increases. At the same time, S l (δ) = S ∪ {m} − S e (δ) increases to the set S as δ increases. The common-component fractile t * c (S ∪ {m}) is continuous and first decreasing and then increasing in δ.
Using the form of the optimal profit function and the stocking levels, we can characterize the effect of adding one more variant to an existing assortment, which helps us prove the following result regarding the structure of the optimal assortment in system C.
Theorem 3 shows that the optimal assortment in system C, under the trend-following model, is a popular set. We next show that the optimal assortment in the model with commonality is no smaller than that in system D.
Theorem 4 Under the trend-following demand model and for any popular set
An . Hence, the optimal assortment in the system with commonality is no smaller than that in the dedicated system.
The above result states that if the marginal gain of adding a new variant in the dedicated system is positive, then the new variant should be included in the system with commonality as well.
This, together with the quasi-concavity of the profit function in the dedicated system as a function of n, allows us to conclude that replacing a set of dedicated components with a component that is common to all product variants results in an increase of the optimal assortment.
Effect of Correlation and the Cost of Components
We have shown that, under both demand models, replacing a set of dedicated components by a common component shared by all product variants results in a (weakly) larger optimal assortment.
At the same time, it is known that, for a fixed set of products, the effect of commonality on profit is more significant if product demands are negatively correlated than if they are independent. In our model, however, a change in the demand correlation (i.e., independent population versus the trend-following demand models) results not only in a change in the effect of demand aggregation but also in a possible change in the optimal assortment. In this section, we conduct a numerical study to examine the effect of demand correlation on the optimal variety level. Table 2 : The effect of component commonality on optimal profit and variety levels under IP and TF demand models.
instance we compute the optimal assortment and profit in system D and in system C under both demand models. (Recall that individual product demands are independent under the independent population model and they are negatively correlated under the trend-following model.) Table 2 summarizes the results. Note that the increase in the optimal level of variety is generally higher in terms of frequency and average absolute magnitude under the trend-following model than under the independent population model. The exception are those cases with Θ = (10, 2, 1) -in most of those cases, the optimal assortment under the TF model is {1} both in systems D and C.
Under the independent population model, the level of variety increases by one unit in 344 cases and by two units in 25 cases, resulting in a total average increase of 0.091 units (from 2.74 to 2.83).
Under the trend-following model, the level of variety increases by one unit in 933 cases and by two units in 172 cases, resulting in a total average increase of 0.26 units (from 1.08 to 1.34). Similarly, the percentage profit improvement due to commonality is higher under the trend-following model (2.09% versus 0.52%). Based on these findings, we conclude that the effect of commonality on profit is stronger under negatively correlated demand, even when assortment decisions are endogenous. In addition, the effect of commonality on the level of variety is also stronger with negative correlation.
We have so far assumed that the per unit cost of a common component is the same as its dedicated-component counterpart in the dedicated system. In many cases, designing or purchasing a common component may be more costly than a dedicated component. Proposition 2 shows that, in a system with dedicated components, the level of variety decreases as unit costs increase. Hence, the addition of commonality (weakly) increases the level of variety if the common component is equal in cost or somewhat more expensive than the dedicated component it replaces. However, the level of variety may decrease in the system with commonality, relative to the dedicated system, if Table 3 suggest that, while the optimal profit deteriorates with increases in k C c , the optimal number of product variants is larger with commonality even for cost increases of up to 30%. Much larger cost increases, e.g., if the common component is two times as costly as the dedicated components it replaces, then the optimal number of product variants may reduce relative to the dedicated system.
We conclude this section by studying and comparing the impact of the unit costs k c and k d on the optimal profit in the system with commonality, under either one of the demand models.
Proposition 5
The optimal profit is decreasing in the unit costs k c and k d under both demand models. Moreover, the optimal profit is more sensitive to changes in
The proposition shows that larger unit costs lead to lower profit. In addition, a reduction in the cost of the dedicated component k d leads to a larger increase in profit than a reduction in k c . This is because the inventory cost per unit sold of a common component is lower than that of a dedicated component, since a common component generates more sales on average than a dedicated component as it is used for the production of multiple variants.
General Systems
In this section we explore systems with general bill of materials. In particular, we consider systems in which common components may be used to produce some, but not all, of the finished products.
We consider a few representative structures of the bill of materials, all of which are illustrated in We first note that analyzing this system with a utility vector Θ = (θ 1 , ..., θ N ) is equivalent to analyzing a system with N − 1 product variants with utilities in Θ i+j , where Θ i+j denotes the (unordered) vector
In effect, given an assortment S that in-cludes variants i and j, the choice probability associated with the common component is given by
We now compare the optimal assortment in this system with that in the system with only dedicated components. To make the comparison meaningful, we maintain the cost of producing each variant equal in both systems. That is, in the system with dedicated components, the aggregate cost of dedicated components for each product is given by k d + k c , while in the system with partial commonality the cost of the common components is k d + k c and all other products continue to use the same dedicated components as in the original system. (Recall that a popular set is defined according to the order given by the utilities in the vector Θ.)
Proposition 6 Consider a system with partial component commonality in which variants i and j
are produced using a set of common components and all other variants use dedicated components.
For both demand models, the optimal assortment is either a popular set or it consists of variants i and j plus a popular subset of the remaining variants.
Proposition 6 implies that in a system with a general bill of materials, the optimal assortment may not necessarily be a popular set. For example, in Figure 1 (c) with parameters p = 10,
, λ = 150, σ = 1, β = 0.5, θ 0 = 5, and Θ = (16, 15, 8, 1) , the optimal assortment is {1, 2, 4}. In contrast, under the same parameters, but when all variants use dedicated components, the optimal assortment is {1, 2, 3}. That is, pooling the resources used by products 1 and 4 makes it more profitable to include the least popular variant in the assortment, rather than keeping variant 3, to benefit from the scale generated by aggregating the demands for these products. We next analyze the depth of the optimal assortment in settings with commonality, relative to the dedicated system.
Proposition 7 Consider either the IP or the TF demand models. Let A i+j be the optimal assortment of a system in which variants i and j (i < j) are produced using a set of common components
and all other variants use dedicated components. Let A n be the optimal assortment in the corresponding dedicated system in which all variants are produced using dedicated components.
If i, j ≤ n, then there exists a threshold t 1 such that A i+j is a strict subset of A n if θ n < t 1 ,
and A i+j = A n otherwise.
If i < n and j > n, then there exists a threshold t 2 such that A i+j \ {j} is a strict subset of
A n if θ n < t 2 , and A i+j = A n ∪ {j} otherwise.
If i, j > n, then, there exists thresholds t 3 > t 4 such that
This proposition provides a thorough characterization of the optimal assortment set in the system with a common component for variants i and j. The optimal assortment actually depends on the relative "popularity" of variants i and j (given i < j). In particular, if either variant i or both variants i and j are in the optimal assortment of the original dedicated system, then both variants are in the optimal assortment in the system with partial commonality as well. However, in this setting the optimal assortment may be smaller than that in the dedicated system. If neither variant i nor variant j is in the optimal assortment of the dedicated system, then it is optimal to offer these two variants in the system with commonality only if the sum of their utilities is large enough. At the same time, if that is the case, then one or more variants from the optimal assortment of the dedicated system may be dropped in the optimal assortment of the system with partial commonality.
We conclude that, in sharp contrast to the results in Section 5, replacing a strict subset of dedicated components by a common component may result in a reduced number of variants in the optimal assortment and this set may no longer be a popular set. To understand why partial commonality may reduce the optimal assortment, let us consider the case with i < j < n. The case with n = 3, i = 1, and j = 2, is illustrated in Figure 2 below. The graphs in (A) show the profit of each variant in the dedicated system, while the graphs in (B) show the combined profit associated with variants i and j, and the profit for variant n. Variant n is in the optimal assortment of the dedicated system because the profit associated with this variant is higher than the aggregate increase in profit that the other products in the assortment would experience in the absence of variant n (recall that the choice probabilities -and therefore the expected demand rates -of the other products in the assortment increase if variant n is removed from the assortment), that is, Δ n > Δ i + Δ j in Figure 2 (A). On the other hand, in the system with partial commonality the common component shared by variants i and j experiences a larger demand rate (and therefore a more pronounced scale effect) than the dedicated component for variant i does in the dedicated system. Note that the profit function of an individual product variant is convex increasing in its demand rate (because of the economies of scale associated with the inventory costs). Hence, in the system with partial commonality, the profit that variant n generates may no longer be larger than the profit impact of the demand spill-over effect (in particular, onto the common component for variants i and j) that occurs in the absence of variant n. In reference to Figure 2 (B), we may have that Δ n < Δ ij . In that case, variant n would be excluded from the assortment. 16, 15, 13.9, 3) . The optimal assortment in the dedicated system is {1, 2, 3}. In contrast, under the structure in Figure 1 (d) , the optimal assortment is {1, 2}. If, instead, variants 3 and 4
shared a common component with cost k d , while variants 1 and 2 only used dedicated components, then the optimal assortment would be {1, 2, 3, 4}. In this case, the economies of scale generated by the common component shared by variants 3 and 4 would make it optimal to include variant 4 in the optimal assortment as well.
Finally, we study a system in which there is a component common to all products and another component common to only products i and j. (All other variants require, in addition, a dedicated component.) Figure 1 (e) illustrates an example of such system. In the next proposition, we compare this system to the related system C (illustrated in Figure 1(a) ). The result applies to the trend-following demand model. 
Proposition 8 Consider a system with partial component commonality in which there is a component common to all products and another one common to only products i and

If i < n and j > n, then
A i+j = A ∪ {i, j} where A is a popular subset of A n .
If i > n and j > n, then there exists a threshold value t 6 such that
and
The findings in Proposition 8 regarding the structure of the optimal assortment are similar to those discussed for the other systems with partial commonality. In particular, in this setting the optimal assortment may not be a popular subset of N . In terms of the size of the optimal assortment, Proposition 8 compares this set to the optimal assortment in the corresponding system C, which itself is no smaller than the optimal assortment in the related system with only dedicated components. The optimal assortment in the system with partial commonality may be larger, equal or smaller than that in the related system C. The existence of a common component shared by a strict subset of the product variants again creates an imbalance in terms of the scale advantage generated by demand aggregation -this benefit is higher for those products that use a higher number of common components in manufacturing. As a result, it may be optimal to exclude a product that makes less use of commonality to drive more demand to those that use more common components and therefore increase the benefits associated with demand pooling.
While introducing commonality to a manufacturing system always increases total profit (as- 
Conclusion
This paper considers the role of component commonality in product assortment and component inventory decisions in assemble-to-order systems. We characterize and compare the structure of the optimal assortment and the optimal inventory levels for various bill-of-material configurations.
While component commonality increases total system profit, we find that the effect of commonality on the optimal assortment depends on the specific configuration of the bill of materials. If any common component is shared by all variants, then the optimal assortment is (weakly) larger than that in the system without commonality. Furthermore, the assortment consists of a subset of the most popular variants (as in the case without commonality). However, these results do not hold for more general bill-of-material configurations. If the common component is shared by a strict subset of the variants, then the optimal assortment may no longer be a popular set and the optimal level of variety may increase or decrease relative to the system without commonality. In particular, the level of product variety (weakly) decreases when commonality is introduced for products that are already in the optimal assortment corresponding to the dedicated system (i.e., products with high demand volumes). This result may hold even when commonality is introduced in a system that already involves other common components shared by all product variants. These findings indicate that product line and supply chain managers must be aware of the effect that introducing commonality in manufacturing may have on optimal product line decisions, such as the removal of products with relatively small demand. This is particularly important if market share and market coverage (level of product variety) are key performance indicators. Finally, we find that the effect of commonality on both profit and variety level is more pronounced when product demands are negatively correlated. In an alternative interpretation of our model, the results in this paper apply to the use of resource flexibility and the related capacity decisions (rather than component commonality and the corresponding inventory decisions).
Appendix
Before proceeding with the proofs, we define and analyze some functions used throughout the appendix. The appendix also contains lemmas that are used as intermediate steps in some proofs.
Let Φ(·) and φ(·) denote the cumulative and probability density functions of the standard normal
Differentiating with respect to x and k, we get the following.
Using the property φ (z) = −φ(z)z, we get
Following the profit functions for the two demand models in Section 4, let k = k d + k c and redefine
The profit expressions are different because the choice model determines the proportion of demand allocated to variants under the IP demand model and the probability of having the full demand and revenue for a particular variant under the TF demand model. Given assortment S, the optimal profit functions for the IP and TF models in system D are given by
As mentioned, we use the notation Π 
Proof: The first-order derivatives of Π
Thus, both Π D,IP (x, k) and Π D,T F (x, k) are increasing in x and decreasing in k. The second-order derivatives are given by:
Thus, Π D,IP (x, k) and Π D,T F (x, k) are convex in x and k and submodular in (x, k).
Proof:
We show the result for the case with |S| = 2. Define 
Differentiating with respect to δ, we obtain 
Lemma A.3 For any n and i
the choice probabilities (q An i ) i∈An and (q
An(δn) i
) i∈An(δn) , respectively. Differentiate both sides of the equality with respect to θ i , for i ∈ A n , to obtain
(Recall that A n (δ n ) denotes the set A n plus a variant m with utility δ n .) Because Π D n (δ) is quasiconvex, its first-order derivative at δ n is positive from the definition of δ n , i.e., ∂Π
Hence, ∂δ n /∂θ i > 0 if we show that (7) > (8) below:
where a = λ for the IP model and a = p for the TF model. We prove that the expression in (7) is positive by contradiction. If it was negative, then that would imply that Π D An\{i} > Π D An . However, Condition 1 and δ n−1 < θ n (assumed in the statement of the Lemma) imply that A n is the optimal assortment when the set of possible products is restricted to the n most popular variants. This leads to a contradiction. In addition, we have that j∈An(δn) θ j + θ 0 > j∈An θ j + θ 0 . Hence,
we can obtain the desired result by comparing the terms in the brackets in equations (7) and (8).
On the other hand, Π because, by (4) 
. This completes the proof.
Proof of Proposition 2: Given an assortment
, k) are decreasing and convex in k by Lemma 1. Next, we prove that the optimal assortment set becomes smaller as k increases for both demand models. Assume that k 1 > k 2
and that the optimal assortments are A n 1 and A n 2 for the settings with k 1 and k 2 , respectively.
Otherwise, n 2 > n 1 . Therefore the optimal assortment becomes smaller as k increases.
Proof of Theorem 2:
Given an assortment S, the optimal profit functions in the pooled system for both demand models can be expressed as Π
are increasing in x by Lemma A.1 and the last factors in each derivative are also positive, as total demand increases with δ. Thus, it is always profitable to include a new variant in the assortment. In other words, the optimal assortment has all product variants. Next, we compare the profit functions for each demand model separately. For the , k) ) and take the first-order and second-order derivatives.
The first inequality holds because the expression is decreasing in x (by the second inequality) and
(To see the result of the last limit, let y = z(x, k) and
, where the last two equalities follow from L'Hôpital Rule.) Hence, g(x, k) is increasing and concave in x, which implies that
Proof of Proposition 3:
The optimal stocking levels satisfy the following first-order conditions:
For part (i), because Pr{y *
With some algebra, we get
Using (11) and (12), we then have that
The proof of part (ii) is by contradiction. Suppose that
. This contradicts equation (12) . For part (iii), we have that
where the equality follows by (12) . Hence, y * c should be larger than the stocking quantity for the sum of the demand for all the components, which is the stocking level in the pooled system.
Finally, for part (iv), letΠ C S denote the profit in system C with the optimal stocking quantities of system D (i.e., y * i = λq , the optimal assortment in system C contains at least as many variants as the optimal assortment in system D.
Proof of Lemma 1:
Suppose that the new variant m has utility δ. We study how S l (δ), S e (δ), and t * c (S ∪ {m}) change as δ increases. Let a be the cardinality of S e . We define the following threshold values of δ:
< 0, or equivalently δ < δ 1 . In this case, the new variant m is in the assortment S, but with a stocking quantity equal to zero. Therefore S l (δ) = S l ∪ {m} and
is continuous and decreasing in δ. 2 , the new variant m has a positive optimal stocking level which is smaller than that of the common component. Therefore,
, which is continuous and decreasing in δ.
new variant m has the same optimal stocking level as that of the common component. Therefore, S e (δ) = S e ∪ {m} (which continues to be a popular subset of S ∪ {m}) and S l (δ) = S l . Also,
is continuous and increasing in δ. 4 , the new variant m is still in S e (δ) and variant i a , which has the lowest utility in S e , moves to S l (δ). (Note that δ ≥ δ 3 implies that δ ≥ θ ia .) Therefore, S e (δ) = S e ∪ {m} \ {i a }, which continues to be a popular subset of S ∪ {m} and
, which is continuous and increasing in δ.
Following a similar reasoning, as δ increases beyond δ 4 , the set S e (δ) (which includes m) continues to be a popular subset of S ∪ {m}. For large enough δ, the set S e (δ) reduces to {m}. On the other hand, S l (δ) = S ∪ {m} \ S e (δ) increases in δ, eventually becoming equal to S. The threshold t * c (S ∪ {m}) is continuous and increasing in δ.
Lemma A.4 For any i ∈ S, Π C,T F S
is increasing and convex in q S i .
Proof: Based on equation (4) 
This is continuous and increasing in q If 0 ≤ δ < δ 1 , then it is not profitable to include the new variant in the assortment. Therefore,
If δ 1 ≤ δ < δ 2 , then the new variant enters the set S l , and
If δ 2 ≤ δ < δ 3 , then the new variant enters the set S e , and
Note that, because m ∈ S e for δ 2 ≤ δ < δ 3 , the expression for
in (15) is different from that in (14) . For δ ≥ δ 3 , the general form of the derivative is as in (15), again with different expressions for
.
From Lemma A.4, Π C,T F S
is increasing and convex in q S i . In addition, for i ∈ S, q S i (δ) is decreasing in δ and q S m (δ) is increasing in δ. Therefore, the terms within square brackets in equations (13), (14) and (15) are continuous and increasing in δ. We then have that Π
C,T F S (δ) is
quasi-convex in δ for each of the δ-intervals. Also, note that the expression in (13) is negative.
In addition, for large δ, we have that S e = {m} and S l = ∅, so that For part (ii), note that when the optimal stocking levels of the dedicated system are used in system C, and y * c = i∈S y * i , the profit in system C is the same as the optimal profit in system D.
This establishes that Π C,T F S ≥ Π D,T F S
. Similarly, we have that Π
Before proceeding with the proof of Theorem 4, we present a technical property regarding the set of variants S e that results from the stocking optimization problem when the assortment is given by set S. For a popular set A n , (A n ) e is itself a popular set (following Proposition 1). Let |S| denote the cardinality of set S.
Lemma A.5 Consider a popular set
Proof: Let r = |N e | so that N e = A r . By definition of N e , r satisfies the following:
We complete the proof by contradiction. If n < r, then (A n ) e ⊂ A n , but suppose that (A n ) e = A n .
Let z = |(A n ) e | < n < r, which satisfies the following:
By combining (16) and (17), we have
Inverting all the terms, reversing the order of the inequalities, and taking the average of all the terms with θ r to θ z + 1, we have that
The first inequality shows that ad < bc. However, the second inequality implies that bc < ad, a contradiction. Therefore (A n ) e = A n when n < r. Similarly, we can prove that (A n ) e = N e when n ≥ r.
Proof of Theorem 4:
Given a popular set A n , the first-order profit difference in system D is
For system C, Lemma A.5 suggests that we need to consider the following three cases: 
Hence, the optimal profit function is decreasing in k c and k d . Furthermore, from Proposition 3, (22) > (23) . Therefore, the rate of change in the optimal profit with respect to k c is less significant than with respect to k d . Under the TF model, the optimal profit function is given by
Then, we have ∂Π
where a = |S e |. Therefore the optimal profit function is decreasing in k c and k d . Because (24) > (25), we again have that the rate of change in the optimal profit with respect to k c is less significant than with respect to k d .
Proof of Proposition 6:
it is optimal to include variant i or j, then it is optimal to include both of them in the optimal assortment.
Thus, the optimal assortment includes either all the variants that share a common component or none of them. If these variants are not in the optimal assortment, then the results for the dedicated system show that the optimal assortment is a popular set. Otherwise, note that the profit function for any assortment S not containing variants i and j, but containing a new variant m with utility δ, is quasi-convex in δ. We then have that the optimal assortment, excluding variants i and j, is a popular subset of the remaining variants.
We now proceed with comparative statics results regarding the structure of the optimal assortment in the dedicated system. These results will be instrumental in characterizing the optimal assortment structure under general bill-of-material configurations. Suppose that the utility for variant j increases from θ j to θ j , with θ j > θ j . Let Θ = (θ 1 , · · · , θ N ) be the original vector of utilities and Θ be the vector Θ with θ j replaced by θ j and reorganized in decreasing order. Suppose that A n is the optimal popular set under the original utilities and let A be the optimal popular set under the utilities in Θ . The following result characterizes the set A both for the independent population and trend-following population models. The result states that if the utility of a variant in the optimal assortment increases, then the resulting optimal assortment may contain fewer variants than the original. On the other hand, if the utility of a variant outside the optimal assortment increases, then it will be included in the optimal assortment as long as the increase is large enough.
The quantity δ n−1 corresponds to the vector of utilities Θ .)
Proof: For (i), because j < n and θ j > θ j , variant j is still in the optimal assortment, i.e., j ∈ A .
The n − 1 most popular variants are the same as A n−1 which includes variant j. From Lemma A.3, δ n−1 > δ n−1 . In addition, θ n ≥ δ n−1 because A n is the optimal assortment under the original utilities. Thus, if δ n−1 which is a function of (
Moreover, Lemma A.3 says that δ n > δ n > θ n+1 . Thus, A = A n . If θ n > θ n−1 , then the n − 1 most popular variants are (1, · · · , n − 2, n). From Lemma A.3, δ n−1 which is a function of
because j ≥ n + 1 and θ n > θ j ≥ δ n > θ n+1 , variant j as well as A n are included in the optimal assortment A . When θ j ≥ θ n , similarly as case (i) and (ii), we have j ∈ A and A \ {j} ⊂ A n .
For (iv), because j ≥ n + 1 and δ n > θ j , it is apparent that A = A n .
From equation (3) (26) and (27) as well as a similar argument apply to the set A n , which proves the result for the case j = n.
2. If i < n and j > n, then, with a similar argument as in case 1, we have that i, j ∈ A i+j . Define We now provide a statement (and proof) characterizing the optimal assortment for the system depicted in Figure 1(d 
Proof of Proposition 8:
Based on the assumption that N e ⊂ A n , we consider the case in which i ∈ N e and j ∈ N \ N e (applicable to parts 1 and 2). The other cases can be proved similarly.
From the results of the pooled system, it is optimal to include both variants i and j in the optimal assortment. In this setting with partial commonality, we have that the (unordered) utility vector 
We want to prove that (29) > (28) when δ < δ n−1 (Θ) (< θ n ), so that δ n−1 (Θ i+j ) > δ n−1 (Θ).
For δ < δ n−1 (Θ) (< θ n ), the new variant m is not in S e (δ), and therefore not in S P C e (δ) either as S P C e (δ) ⊂ S e (δ). Therefore, the second terms in the square brackets in (29) and (28) are equal.
We then compare the first terms in the square brackets. We denote the optimal stocking levels in the system with partial commonality as y 2. If i < n, then i ∈ A i+j . Because it is optimal to include both variants i and j together, we also have that j ∈ A i+j . Given assortment S including both i and j, we have proved that Π
P C,T F S (δ)
is quasi-convex in δ. Therefore, A i+j = A ∪ {i, j}, where A is a popular subset of A n .
3. Because i > n and j > n, we have that δ n (Θ) > θ n+1 ≥ θ i , θ j . Let t 6 (θ 1 , · · · , θ n ) = δ n (Θ). If 
